1. Introduction
The Eulerian description
For 0 ≤ t ≤ T , the evolution of a three-dimensional incompressible and irrotational fluid with a free-surface is modeled by the Euler equations:
curl u = divu = 0 in Ω(t) ,
V(Γ(t)) = u · n (1d)
The open subset Ω(t) ⊂ R 3 denotes the changing volume occupied by the fluid, Γ(t) := ∂Ω(t) denotes the moving free-surface, V(Γ(t)) denotes normal velocity of Γ(t), and n(t) denotes the exterior unit normal vector to the free-surface Γ(t). The vector-field u = (u 1 , u 2 , u 3 ) denotes the Eulerian velocity field, and p denotes the pressure function. We use the notation D = (∂ 1 , ∂ 2 , ∂ 3 ) to denote the gradient operator. We have normalized the equations to have all physical constants equal to 1. This is a free-boundary partial differential equation to determine the velocity and pressure in the fluid, as well as the location and smoothness of the a priori unknown free-surface. A recent explosion of interest in the analysis of the water-wave problem has produced a number of different methodologies for obtaining the nonlinear estimates which any solution must satisfy; we refer the reader to 1 for a brief history and numerous references for this problem.
The purpose of this note is to make our presentation in Coutand & Shkoller 1 more accessible, and to explain the basic interaction of the geometry of the free-surface with the motion of the fluid. We will avoid the technical complications associated with the anisotropic smoothing operators that we introduced for the purpose of constructing solutions, and focus our attention on the so called formal energy estimates. To avoid the use of local coordinate charts necessary for arbitrary geometries, for simplicity, we will assume that the initial domain Ω at time t = 0 is given by
where T 2 denotes the 2-torus, which can be thought of as the unit square (0, 1) 2 with periodic boundary conditions. This permits the use of one global Cartesian coordinate system. We only allow the top boundary Γ = {x 3 = 1} to move, while the bottom boundary is fixed with boundary condition
The irrotationality assumption that curl u = 0 is again made only for the purpose of simplifying the exposition, but the reader will see that our methodology almost trivially allows for rotational flows.
Einstein's summation convention
Repeated Latin indices i, j, k,, etc., are summed from 1 to 3; for example,
The Lagrangian description
We transform the system (1) into Lagrangian variables. We let η(x, t) denote the "position" of the fluid particle x at time t. Thus,
−1 (inverse of deformation tensor).
Since div u = 0, we have that det Dη = 1, and hence the cofactor matrix of Dη is equal to [Dη] −1 . Using Einstein's summation convention, and using the notation F, k to denote ∂F ∂x k , the kth-partial derivative of F for k = 1, 2, 3, the Lagrangian version of equations (1) is given on the fixed reference domain Ω by
where e(x) = x denotes the identity map on Ω. Notice that the free suface Γ(t) is given by
The Lagrangian divergence div η v = a j i v i , j , and the Lagrangian curl operator curl η is defined next.
The Lagrangian vorticity equation
We make use of the permutation symbol
and the basic identity regarding the ith component of the curl of a vector field u:
Defining curl η v = curl u • η, the chain rule shows that for irrotational solutions v,
2. Notation
Differentiation and norms
For integers k ≥ 0 and a smooth, open domain Ω of R 3 , we define the Sobolev space
where D a denotes all partial derivatives of order a. For real numbers s ≥ 0, the Sobolev spaces H s (Ω) and the norms · s are defined by interpolation. We will write H s (Ω) instead of H s (Ω; R 3 ). We define the horizontal derivative by∂ = (∂ 1 , ∂ 2 ), and define the Sobolev space H k (Γ) to be the completion of C ∞ (Γ) in the norm 3. Properties of the cofactor matrix a, and a polynomial-type inequality
Differentiating the cofactor matrix
Using the fact that a = [Dη] −1 , we find that
3.2. The cofactor matrix and the unit normal n(t)
With N = (0, 0, 1) the outward unit normal to Γ, we have the identity
For α, β = 1, 2, we define the components of the induced metric on Γ(t) by
and let √ g denote det(g αβ ). The metric g is a 2 × 2 matrix defined on Γ.
It
The Piola identity
It is remarkable that the columns of every cofactor matrix are divergencefree and satisfy
The identity (8) will play a vital role in our energy estimates.
A polynomial-type inequality
For a constant M 0 ≥ 0, suppose that f (t) ≥ 0, t → f (t) is continuous, and
where P denotes a polynomial function, and C is a generic constant. Then for t taken sufficiently small, we have the bound
We use this type of inequality (see Coutand & Shkoller 1 ) in place of nonlinear Gronwall-type of inequalities.
Trace estimates and the Hodge decomposition elliptic estimates
The normal trace theorem which states that the existence of the normal trace of a velocity field w ∈ L 2 (Ω) relies on the regularity of divw (see, for example, Temam 3 ). If divw ∈ H 1 (Ω) , then w · N , the normal trace, exists in H −0.5 (Γ) so that
for some constant C independent of w. The construction of our higher-order energy function is based on the following Hodge-type elliptic estimate:
2 (Γ) for 1 ≤ s ≤ r, then there exists a constantC > 0 depending only on Ω such that
where N denotes the outward unit-normal to Γ.
This estimate is well-known and follows from the identity −∆F = curl curlF − DdivF ; a convenient reference is Taylor. 
The function E(t) is the higher-order energy function.
Definition 5.2. We set the constant M 0 to be a polynomial function of E(0) so that
Statement of the main result
Theorem 5.1 (Main Result). Suppose that η(t) is a smooth solution to (1) with initial data Ω of class H 3.5 and with u 0 ∈ H 3 (Ω) satisfying div u 0 = 0 and curl u 0 = 0. Then there exists a T > 0 depending on the data, and a constant M 0 such that
Remark 5.1. The same theorem and proof hold in the case that Ω ⊂ R 2 .
Conventions about constants
We assume that we have smooth solutions η(t) such that sup t∈[0,T ] E(t) is continuous. We take T > 0 sufficiently small so that, using the fundamental theorem of calculus, for t ∈ (0, T ),
The right-hand sides appearing in the last three inequalities shall be denoted by a generic constant C in the estimates that we will perform.
Curl and divergence estimates for η and v
Following Lemma 10.1 in Coutand & Shkoller, 1 we obtain the following estimates.
Proposition 5.1. For all t ∈ (0, T ),
Proof. From (3) and the fundamental theorem of calculus,
Computing the gradient of (3) shows that
Applying the fundamental theorem of calculus shows that
and finally that
Using the differentiation identities (5) and (6) for the cofactor matrix a, the estimate (14) follows from (16) and (15).
The same methodology leads to
Pressure estimates
Taking the Lagrangian divergence of (2a), the pressure function q(x, t) satisfies the elliptic equation
Using our conventions of Section 5.2 concerning the generic constant C, we have the standard elliptic estimate
and by the maximum principle (Ω). There exists a positive constant C such that
Proof. Integrating by parts with respect to the horizontal derivative yields for all G ∈ H 1 (Ω),
which shows that there exists C > 0 such that
Interpolating with the obvious inequality
proves the lemma.
Energy estimates
Proposition 5.3.
Proof. Taking the L 2 (Ω) inner-produce∂ 3 of (2a) with∂ 
E(t)) .
Combining this inequality with the curl and divergence estimates for η(t) and v(t) and using the elliptic estimate (11) completes the proof.
By taking T > 0 sufficiently small, the polynomial inequality (9) completes the proof of the Main Theorem.
